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SO(2, 1) dynamical symmetry of Kratzer oscillator in diatomic molecules
Boris Maule´n1
1 Departamento de F´ısica, FCFM, Universidad de Chile,
Casilla 487-3, Santiago, Chile.
In this article, by de use of SO(2, 1) dynamical symmetry, we obtain the solution of the
Schro¨dinger equation associated to the anharmonic ro-vibrational motion in diatomic molecules,
using the Kratzer oscillator as an oscillator model. By canonical transformation of the ro-vibrational
Hamiltonian, the energies and ro-vibrational bound states of this simple system are obtained. The
major importance of this algebraic approach is that this allows us to reduce the degree of the radial
Schro¨dinger equation, obtaining a first order ODE whose resolution is considerably simpler than
the preceding equation. Moreover, we give the physical insight of the SO(2, 1) generators and show
the relationship between this Lie group with its Lie algebra. Finally, by the use of transformation
rules of SO(2, 1) group, the selection rules for the vibrational quantum number are calculated as a
pedagogical example.
PACS numbers: 03.65.-w, 03.65.Fd, 33.20.Vq,
INTRODUCTION
A realistic description for molecular rotation-vibration
(ro-vibration) must be carried out using rigorous
quantum mechanics. This phenomenon corresponds to
a central force problem, and the eigenvalue Schro¨dinger
equation is given by[
p2r
2µ
+
l(l + 1)~2
2µr
+ U(r)
]
|Rv,l〉 = Ev,l |Rv,l〉 , (1)
where Ev,l and {|Rv,l〉} are the energies and the
rotation-vibration states of the diatomic molecule.
Depending on the kind of potential function U(r), the
Hamiltonian spectrum will be purely discrete or will
be formed by the union of its discrete and continuum
parts, and, only in few cases, equation (1) has an
analytical solution. Despite this, it is possible to take
advantage of the simple models in order to illustrate
the use of a powerful tool for analytical calculations
in quantum mechanics: Lie algebraic theory. If our
attention is focused on the ro-vibrational behavior of the
molecule close to the internuclear equilibrium distance,
it is very common to employ the approximations of
the harmonic oscillator and rigid rotor for molecular
vibrations and rotations, respectively. Nevertheless, such
approximations are applicable only to slightly excited
rotation and vibration states, close to the ground state.
On the other hand, if our purpose is to study the
dynamics of breaking and formation of chemical bonds,
these approaches are not applicable for not considering
effects due to anharmonicity and centrifugal distortion.
Also, the asymmetry of the Born-Oppenheimer (BO)
curve (that corresponds to the electronic energy plus
the internuclear repulsion) is a consequence of the
anharmonicity of molecular oscillations in excited
vibrational states. This phenomenon goes hand in
hand with centrifugal distortion, and it has the effect
to elongate the internuclear distance increasing the
classical turning points. An immediate consequence
of this fact is the approaching of vibrational levels
until the appearance of the continuum. A way
to correct the energies and the states given by the
basic models is by the use of an empirical potential
function, which incorporates a priori effects due to
the anharmonicity and centrifugal distortion, and
that depends on experimental parameters, such as
spectroscopic constants, and, in turn, allowing to study
the BO curve in all its domain. A well-known empirical
potential function is the Morse potential. This potential
function has the typical profile of the experimental BO
curve. Additionally, the Schro¨dinger radial equation
with this potential allows to be solved analytically.
However, Morse potential function is a merely arbitrary
function, and does not have theoretical foundations.
However, through the use of molecular virial theorem [2]
is possible to find a differential equation for a general
internuclear interaction potential U (r) that accounts
for the anharmonicity and centrifugal distortion. This
equation has the form [1]
r2
d2U(r)
dr2
+ 2r
dU(r)
dr
+ 2U(r) = W (r), (2)
where W (r) function is given by
W (r) = −1
r
d
dr
(
r2 〈Tel〉
)
, (3)
with 〈Tel〉 being the average of electronic kinetic energy.
Equation (2) was deduced for the first time for Borkman
and Parr, and it has a general solution given by
U(r) =
1
r
[
2reUe +
∫ r
re
W (r′)dr′
]
+
1
r2
[
r2eUe −
∫ r
re
r′W (r′)dr′
]
(4)
2where Ue ≡ U(re) has been defined. The solution
(4) shows that an internuclear interaction potential
that satisfies the virial theorem can have several forms
according to the specific form of the inhomogeneityW (r).
Clearly, the simplest expression is obtained when such
function is zero in all its domain, obtaining
U(r) = Ue
[
2
(re
r
)
−
(re
r
)2]
, (5)
which is verified when the electronic kinetic energy adopt
the form
〈Tel〉 =
(re
r
)2
. (6)
The potential function (5) is the well-known (Kratzer
oscillator) [3]. Kratzer oscillator is an anharmonic
internuclear potential that presents a correct asymptotic
behavior when r → 0 and when r → ∞, and it has
discrete spectrum for all En,l < De, and continuum
one for En,l > De. At this point, it is worth
mentioning that Kratzer oscillator is of fundamental
importance in molecular chemical-physics, because this,
by having with both bound and continuum states, gives
the possibility to study bound-continuum transitions,
which are responsible for the chemical bond breaking. On
the other hand, it has shown to be a successful model that
allows the reproduction of the spectroscopic constants of
diatomic molecules [4], [5]. Note that the equation (6)
has the form similar to the energy of a particle confined
in a rectangular box, i.e., it is proportional to the square
reciprocal of the box length (in this case, the length of the
box is the internuclear distance). Therefore, the Kratzer
oscillator must be fulfilled when 〈Tel〉 behaves like the
energy of the particle in a box.
RADIAL REPRESENTATION OF so(2, 1) LIE
ALGEBRA
In order to solve the radial Schro¨dinger (1) for Kratzer
oscillator, it becomes necessary to work with an algebra
according to the chemical-physics of the problem, that
is, a non-compact algebra with an eigenvalue spectrum
that possesses only a lower bound (unlike of angular
momentum algebra, which has both lower and upper
bounds), so that this can relate to the ground state
of Kratzer oscillator. A Lie algebra that fulfills with
these requirements is the Lorentz so(2, 1) Lie algebra.
Specifically, generators of so(2, 1), namely {Ti}, must be
closed according to the commutation relationships
[T1, T2] = −i~T3, [T2, T3] = i~T1, [T3, T1] = i~T2. (7)
Then, since the Hamiltonian of the system is a function
of the set of observables r and pr, it is necessary to rely
on a representation of the generators in terms of these
observables. An appropriate representation is given by
[6]
T1 =
1
2
[
1
a2
RP 2−a + τR−a −Ra
]
, (8)
T2 =
1
a
[
RP − i
2
(a− 1)~
]
, (9)
T3 =
1
2
[
1
a2
RP 2−a + τR−a +Ra
]
, (10)
where a is a parameter that fits according to the central
potential in particular, while in τ it is contained the
specific information of this. From the generators of
so(2, 1), the Casimir invariant is built, which has the form
T 2 = −T 21 − T 22 + T 23 . (11)
Note the obvious difference of the minus signs in the first
two terms of (11) compared with Casimir of so(3) algebra
(total angular momentum). This difference arises from
the relativistic definition of the Casimir invariant which
needs the Minkowski metric (negative definite metric).
Then, it is chosen to T 2 together with T3 in order to
solve the physical problem because both operators are
Hermitian, and also, they commute with each other. In
this way, it is possible to have simultaneous eigenstates
for both operators, and their respective eigenvalues are
real numbers. We define the state basis as {|Q, qn〉}, and
the respective eigenvalues equations are
T 2 |Q, qn〉 = Q |Q, qn〉 , (12)
T3 |Q, qn〉 = qn |Q, qn〉 , (13)
where Q and qn are the eigenvalues of T
2 and T3,
respectively.
ENERGIES OF KRATZER OSCILLATOR
Considering the equation (1) for Kratzer oscillator[
p2r
2µ
+
l(l + 1)~2
2µr2
+
α
r
+
b
r2
]
|Rv,l〉 = Ev,l |Rv,l〉 , (14)
with α = −2Dere and β = Der2e . Then, factoring and
rearranging after multiplying from the left by µrσ, we
obtain
1
2
{
σrp2r +
[
l(l + 1)~2 + 2µβ
] σ
r
− 2µσrEv,l
}
|Rv,l〉 = −µσα |Rv,l〉 , (15)
where σ is a factor that allows us to carry out the
canonical transformation over the Schro¨dinger equation.
3In this way, it will be possible to express the Hamiltonian
of the physical system H in terms of some generators of
the algebra. Then, H is a function of the observables
r and pr, such that [r, pr] = i~, while in the radial
representation of so(2, 1), generators are functions of
another set of observables (generalized observables), R
and P with [R,P ] = i~. So, the relationship between the
sets of observables (r, pr) and (R,P ), and therefore, the
transformation ofH by the scaling factor σ, must be such
that the canonical quantization needs to be preserved.
This is achieved only if R =
r
σ
and P = σpr.
In this transformation, we should proceed with caution
since when changing the observables (r, pr) for (R,P ) in
H will be affected the states {|Rv,l〉} and the energies
Ev,l. With this, equation (15) takes the form
1
2
{
RP 2 +
[
l(l + 1)~2 + 2µβ
]
R−1 − 2µσ2εn,lR
}
|R¯n,l〉 = −µσα |R¯n,l〉 ,(16)
where
{|R¯n,l〉} are the transformed states of {|Rv,l〉}
associated with the algebraic Hamiltonian HA, defined
as
HA =
1
2
{
RP 2 +
[
l(l + 1)~2 + 2µβ
]
R−1 − 2µσ2εn,lR
}
.
(17)
Then, considering the T3 of so(2, 1) for a = 1,
T3 =
1
2
(
RP 2 + τR−1 +R
)
, (18)
and when it is compared withHA, we obtain the following
equalities
τ = l(l + 1)~2 + 2µβ, (19)
εn,l = − 1
2µσ2
. (20)
Moreover, the eigenvalue equation for HA is
HA |R¯n,l〉 = −µσα |R¯n,l〉 , (21)
that when is compared with the simile for T3,
T3 |Q, qn〉 = qn |Q, qn〉 , (22)
we obtain
qn = −µσα. (23)
Therefore, the knowledge of εn,l is reduced to the
obtaining of σ from the eigenvalue qn of T3, that, in turn,
is related to the eigenvalue of the ground state q0. An
analytical expression for q0 exists, and it is given by [6]
q0 =
~
2
(
1±
√
4µ
~2
+ 1
)
. (24)
Replacing the value of τ in (24), it is found that q0 for
Kratzer oscillator is of the form
q0 =
~
2
+ ~
[(
l +
1
2
)2
+
2µβ
~2
]1/2
. (25)
Then, by the effect of raising operator, we know that
qn = q0 + n~. Equaling this relation with (23), using
the expression for q0 and expressing the parameter σ in
terms of everything else, gives
σ = − ~
µα

n+ 12 +
[(
l +
1
2
)2
+
2µβ
~2
]1/2
 . (26)
Finally, squaring (26), replacing in (20) and expressing
the result in terms of the spectroscopic constants De and
re, we found that
εn,l = − 2D
2
er
2
eµ
~2

n+ 12 +
[(
l +
1
2
)2
+
2Der
2
eµ
~2
]1/2

2
.
(27)
BOUND STATES OF KRATZER OSCILLATOR
In quantum chemistry in general, it is stated that
the complete information about a quantum system is
contained in the wave function associated with that state.
However, this undulatory interpretation is subject to a
particular representation, that is to say, to the position
representation. Therefore, before the description of wave
functions of Kratzer oscillator, it is necessary to present
its quantum states. We consider the effect of ladder
operators T± on the states {|Q, qn〉} (see appendix), that
is,
T± |Q, qn〉 = c± |Q, qn ± ~〉 . (28)
Then, to evaluate the constant c±, we must calculate the
mean value of the operator T±T∓. Indeed, by equation
(72), we have
〈T±T∓〉 = 〈Q, qn|
(−T 2 + T 23 ± ~T3) |Q, qn〉
=
(−Q+ q2n ± ~qn) , (29)
where we have supposed that the states are normalized.
On the other hand, considering that T± = T
†
∓, so we have
〈T∓T±〉 = 〈T±Q, qn|T±Q, qn〉 , (30)
where the mean value (30) is equal to the square module
of the state |T±Q, qn〉. Then, it is easy to see that c± =
[−Q+ qn (qn ± ~)]1/2, with which we get
T± |Q, qn〉 = [−Q+ qn (qn ± ~)]1/2 |Q, qn ± ~〉 . (31)
4With the last result, we are in condition to find a
recurrent relationship to connect the ground state of T3
with its nth-excited state. Proceeding by induction, and
starting from the ground state |Q, qn〉, we have first
T+ |Q, qn〉 =
√
2~q0 |Q, q0 + ~〉 , (32)
where we used the relationship between Q and q0 given
in the appendix (eq. (78)). Then, for the second power
of T+ we have
T 2+ |Q, q0〉 = (2~)1/4
√
q0 (q0 + ~) |Q, q0 + 2~〉 . (33)
Therefore, for the nth-power of T+, we obtain
T n+ |Q, q0〉 = (2~)2
−n
n−1∏
k=0
√
q0 + k~ |Q, q0 + n~〉 . (34)
Finally, the nth-excited state |Q, q0 + n~〉 = |Q, qn〉 is
written as
|Q, qn〉 = 1
(2~)
2−n ∏n−1
k=0
√
q0 + k~
T n+ |Q, q0〉 . (35)
Previously, we showed that while the Hamiltonian H
is transformed by a scaling factor σ, its states {|Rv,l〉}
must be replaced by transformed states
{|R¯n,l〉}, that
ultimately corresponds to the basis {|Q, qn〉}. Physically,
the process of transformation of H is understood as
a transformation that carries to another Hamiltonian,
namely HA, that acts only on a region of the space
of states of the original system. Then, a problem will
be solved algebraically, only if this region of the space
coincides with the subspace spanned by the eigenstates
of some generator of a particular Lie algebra. By last, it
is worth mentioning that the states of the basis {|Q, qn〉}
corresponds precisely to the different ro-vibration bound
states of the molecule, that is, those associated only
of the discrete part of the Hamiltonian. On the other
hand, in spite of the fact that the basis ket {|Q, qn〉}
are ro-vibration states, these are labeled only with the
quantum number n, while the solutions of (1) are labeled
both by v and by l. The reason for that is that the
ladder operators T± of so(2, 1) Lie algebra only allows to
go from a state to another varying only the vibrational
quantum number n without affecting the rotational
quantum number l. Thus, the recurrence relationship
(35) connects two ro-vibration states which differ only in
n. Also, the quantum number n is, definitely, the same
vibrational quantum number v, but associated only to
the bound states of the oscillator.
WAVE FUNCTIONS OF KRATZER OSCILLATOR
Ground state wave function
In order to obtain the ground state wave function, we
should consider conveniently the action of the operator
(T− − T3) upon the ground state |Q, q0〉, that is
(T− − T3) |Q, q0〉 = −q0 |Q, q0〉 . (36)
Then, expressing the above equation in terms of the
observables R and P , that is, using that T− = T1 − iT2
and the radial representation of the generators (equations
(8), (9) and (10)) with a = 1, we obtain
(R+ iRP − q0) |Q, q0〉 = 0. (37)
Now, after projecting the last equation on the position
basis {|r〉}, that is,
〈r|R |Q, q0〉+ i 〈r|RP |Q, q0〉 − q0 〈r|Q, q0〉 = 0, (38)
and expressing it in terms of r and pr (using R =
r
σ
and
P = σpr), it gives
r
σ
〈r|Q, q0〉+ ir 〈r| pr |Q, q0〉 − q0 〈r|Q, q0〉 = 0. (39)
Here, the representation of the operator pr is given by
〈r| pr |Q, q0〉 = − i~
r
d
dr
[rQ0(r)Y
m
l (θ, φ)], where Q0(r)
corresponds to the radial wave function of vibrational
ground state. Then, by substitution of the representation
of pr in (39) and using that 〈r|Q, q0〉 = Q0(r)Y ml (θ, φ),
we get to
df0(r)
dr
+
(
1
~σ
− q0
~r
)
f0(r) = 0, (40)
where f0(r) has been defined as rQ0(r) (also, (40)
has been divided by Y ml (θ, φ) because the spherical
harmonics are the same for all central force problems).
The resolution of the last equation is straightforward,
and its solution is of the form
f0(r) = Ar
q0/~e−r/~σ, (41)
and therefore,
Q0(r) = Ar
q0~−1e−r/~σ. (42)
The last solution corresponds to the radial wave function
of the ground state of the Kratzer oscillator [10], where q0
and σ are given by (24) and (26) (with n=0), respectively.
The constant A is obtained by normalization, and it has
the form
A =
[∫ ∞
0
r2q0/~e−2r/~σdr
]−1/2
, (43)
where the integral is given by [11]∫ ∞
0
xν−1e−µxdx =
1
µν
Γ(ν). (44)
By simple comparison, we have that
ν =
2q0
~
+ 1, µ =
2
~σ
, (45)
whereby the constant A turns out to be
A =
[
2q0
~
(
~σ
2
)2q0/~+1
Γ
(
2q0
~
)]−1/2
. (46)
5Excited state wave functions
To obtain excited state wave functions, we should
consider the effect of the operator (T+ − T3) on an
arbitrary state |Q, qn〉. That is,
(T+ − T3) |Q, qn〉 =
[−Q+ qn(qn + ~)]1/2 |Q, qn+1〉 − qn |Q, qn〉 , (47)
equation that after reordering gives
(T+ − T3 + qn) |Q, qn〉 = [−Q+ qn(qn + ~)]1/2 |Q, qn+1〉 .
(48)
Then, using the fact that Q = q0(q0−~) and qn = q0+n~,
it is possible to write
(T+ − T3 + q0 + n~) |Q, qn〉 =[
2~q0(n+ 1) + n(n+ 1)~
2
]1/2 |Q, qn+1〉 . (49)
Proceeding in an analogous way to the case of ground
state wave function, that is, giving the explicit form of
T+ and T3 in terms of R and P , with T+ = T1 + iT2, we
obtain an equation that, after reordering, gives
(−R+ iRP + q0 + n~) |Q, qn〉 =[
2~q0(n+ 1) + n(n+ 1)~
2
]1/2 |Q, qn+1〉 . (50)
Projecting on position basis {|r〉} and expressing in terms
of r and pr, the last equation it transforms in
dfn(r)
dr
+
(
q0 + n~
~r
− 1
~σ
)
fn(r) =
[
2(n+ 1)q0 + n(n+ 1)~
~
]1/2
Qn+1(r). (51)
Equation (51) is an inhomogeneous differential equation
which relates the nth-state wave function Qn(r) with the
following Qn+1(r). In particular, if we want to obtain the
wave function of the first excited state, we should know
a priori the wave function of the ground state. Then,
taking n = 0 in (51),
d
dr
[rQ0(r)] +
(
q0
~r
− 1
~σ
)
rQ0(r) =
√
2q0
~
Q1(r), (52)
and using (42), after rearranging and factoring, we obtain
the form of the wave function of the first vibrational
excited state,
Q1(r) = 2
[√
q0
2~
1
r
− 1
σ
√
1
2q0~
]
Arq0/~e−r/~σ. (53)
PHYSICAL INSIGHT OF SO(2, 1)
Adjoint representation of so(2, 1) Lie algebra
There is a close relationship between symmetry
transformations of SO(2, 1) group and rotations in
Euclidean 3D space. Moreover, from the adjoint
representation of so(2, 1) Lie algebra is possible to
recover the expression of the symmetry transformations
of the corresponding SO(2, 1) Lie group. It is
well known that these transformations have a matrix
representation in terms of hyperbolic functions (like
Lorentz transformations in the case of special relativity),
which allows to reveal the striking relationship between
the elements of this group and the elements of SO(3)
group. In order to give the physical insight of SO(2, 1)
first, we need to know how to transform the components
of an observable under transformations of this Lie group,
and from this, to find commutation relations between
the generators of so(2, 1) Lie algebra and the cartesian
coordinates. Then, it is known that the components of
vector position r changes according to
e−ξT·nˆrie
ξT·nˆ =
∑
j
Rijrj , (54)
where ξ is a parameter that characterizes to the Lie
group elements, and Rij are the matrix elements of
the Lie group transformation (in the case of Lorentz
transformations, the parameter ξ corresponds to the
rapidity of the boosts, but here, it is only an algebraic
parameter). Considering the case when ξ is infinitesimal,
that is when ξ −→ ε. In this case, the elements of the
group can be written as
eξT·nˆ = 1 + εT · nˆ+O(ε2). (55)
With this, equation (54) becomes
ri + ε [ri,T · nˆ] =
∑
j
Rijrj . (56)
Then, to make use of the last equation is necessary
to rely on matrix representations for the generators of
the algebra and for Lie group transformations. Indeed,
keeping in mind the commutation rules (7), is possible
to write the adjoint representation for so(2, 1). In this
representation, the generators T1, T2 and T3 has the form
T1 =

0 0 00 0 −1
0 −1 0

 , T2 =

0 0 10 0 0
1 0 0

 , (57)
T3 =

0 −1 01 0 0
0 0 0

 . (58)
Here, by simplicity, we have performed the calculations
without the use of prefactor i~, but in the next section,
we recover the physical notation for commutators. Now,
using the above representations for generators T1, T2
and T3, considering the fact that the elements of a Lie
algebra corresponds to the infinitesimal transformations
6of the corresponding Lie group, and putting nˆ = xˆ, yˆ, zˆ
in Rij =
(
1 + εT · nˆ+O(ε2))
ij
, we obtain for finite
transformations of SO(2, 1):
R(ε; xˆ) =

1 0 00 1 −ε
0 −ε 1

 , R(ε; yˆ) =

1 0 ε0 1 0
ε 0 1

 , (59)
R(ε; zˆ) =

1 −ε 0ε 1 0
0 0 1

 . (60)
Then, for each pair of Lie group-Lie algebra
transformation (for each component of r), we obtain,
by the use of relation (56), the following commutation
relations between generators of so(2, 1) and the cartesian
coordinates:
[T1, x] = 0, [T1, y] = z, [T1, z] = y, (61)
[T2, x] = −z, [T2, y] = 0, [T2, z] = −x, (62)
[T3, x] = y, [T3, y] = −x, [T3, z] = 0. (63)
A pedagogical example: selection rules for
vibrational quantum number
Considering the commutation relations between T3 and
the respective cartesian coordinates given by (63), it is
possible to obtain selection rules for vibrational quantum
number n. Indeed, starting with [T3, z] and taking the
matrix element between the states |Q′, qn′〉 and |Q, qn〉,
we obtain
〈Q′, qn′ | z |Q, qn〉 = 0, (64)
unless n′ = n.
Next, using [T3, x] = i~y and taking the same matrix
element:
〈Q′, qn′ | [T3, x] |Q, qn〉 = i~ 〈Q′, qn′ | y |Q, qn〉 , (65)
and then,
(n′ − n) 〈Q′, qn′ |x |Q, qn〉 = i~ 〈Q′, qn′ | y |Q, qn〉 . (66)
In the same way, using [T3, y] = −i~x:
〈Q′, qn′ | [T3, y] |Q, qn〉 = −i~ 〈Q′, qn′ |x |Q, qn〉 , (67)
hence,
(n′ − n) 〈Q′, qn′ | y |Q, qn〉 = −i~ 〈Q′, qn′ |x |Q, qn〉 .
(68)
Finally, combining equations (66) and (68), we conclude
that if 〈Q′, qn′ |x |Q, qn〉 6= 0, then n′ − n = ±1, and
therefore, the selection rules for vibrational quantum
number are
∆n = 0,±1. (69)
CONCLUSIONS AND REMARKS
In this article the utility of the so(2, 1) Lie-algebra
in the solution of molecular central force systems has
become evident. Indeed, when comparing the solution
method provided by the Lie-algebra approach with
the standard resolution of Schro¨dinger equation for
Kratzer oscillator through hypergeometric series [10], it
is possible to note the simplicity with which we have
obtained the energies and the states of this system.
Moreover, by definition of the ground state of the
oscillator and representing the generators of so(2, 1) in
the position basis, it has been possible to decrease the
degree of the Schro¨dinger equation obtaining a first order
ODE whose resolution is considerably simpler than the
preceding equation. Although there are other works that
employ Lie-algebras in order to solve the Schro¨dinger
equation for molecular oscillators [7]-[8]-[9], there is no
presence concerning a clear interpretation about the
physical meaning of the generators of the algebra: they
are infinitesimal spatial Lorentz transformations that act
only in a subset of the Hilbert space of the system, i.e.,
only on the bound states of the molecule.
Finally, a good challenge for a prospective work would
consist in generalizing the so(2, 1) Lie-algebra by means
of a larger Lie algebra that contains ladder operators for
the angular quantum number, and also, diagonal ladder
operators (which changes both l and n quantum numbers
simultaneously): generalization that allow us to describe
the full geometrical symmetry of the Kratzer oscillator.
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APPENDIX: LADDER OPERATORS FOR so(2, 1)
It is possible to define ladder operators for so(2, 1)
algebra from their generators as
T± = T1 ± iT2. (70)
Some important relationships that ladders operators of
this algebra fulfil are [6]
[T3, T±] = ±~T±, [T+, T−] = −2~T3. (71)
Then, it is possible to express the Casimir operator of
so(2, 1) in terms of these operators, that is
T 2 = −T±T∓ + (T3 ∓ ~)T3. (72)
The meaning of ladder operators is obtained by the effect
of these operators on the eigenvalues equation for T3 and
T 2. For example, the action of T± on the eigenvalues
equation of T3 is given by
T±T3 |Q, qn〉 = qnT± |Q, qn〉 . (73)
Using the first equation of (71) and rearranging, we found
that
T3T± |Q, qn〉 = (qn ± ~)T± |Q, qn〉 . (74)
Ground state of T3 is defined by T− |Q, q0〉 = 0, and the
respective eigenvalue equation is
T3 |Q, q0〉 = q0 |Q, q0〉 , (75)
where q0 is the eigenvalue for the ground state, and whose
relationship with qn is given by means of the nth-power
of raising operator, that is,
T3T
n
+ |Q, q0〉 = (q0 + n~) |Q, q0〉 , (76)
with qn = q0 + n~. In this way, it is possible to
obtain the eigenvalue for the nth-excited state only by
the knowledge of q0.
Useful relationship between eigenvales Q and q0 arise
from the action of T+T− on the ground state (see
equation (72)). Indeed,
T+T− |Q, q0〉 =
(−T 2 + T 23 − ~T3) |Q, q0〉
=
(−Q+ q20 − ~q0) |Q, q0〉 = 0. (77)
Then, considering that |Q, q0〉 is a no null state, it follows
that
Q = q0 (q0 − ~) . (78)
